Let Λ be a tubular canonical algebra of quiver type. We describe an algorithm, which for numerical data computes all regular exceptional Λ-modules, or more generally all indecomposable modules in exceptional tubes. The input for the algorithm is a quadruple consisting of the slope, the number of the tube, the quasi-socle and the quasi-length, the output are explicit matrices for the module with the data above.
Introduction
Let Λ = kQ /I be a finite-dimensional algebra over a field k, defined by a quiver Q and an admissible ideal I . A basic problem of representation theory is to classify all indecomposable finitedimensional Λ-modules, up to isomorphism, for a fixed algebra Λ provided Λ is not of wild representation type. The most satisfactory realization of this task would be a construction of a complete list of matrix representations representing all isomorphism classes of indecomposable Λ-modules. However this is not always an easy task, even if the dimension vectors of the indecomposables are already classified. In particular for a tubular canonical algebra introduced and studied by Ringel in [11] the classification of indecomposables is well known for many years, in contrast to their explicit description by matrices. However recently, it was proved in [10] that in this case all so-called exceptional Λ-modules admit matrix representatives consisting only of 0, 1 and −1 as coefficients, at least if Λ has only three arms (see 2.1 and 5.3 for the precise definition, cf. also [12] ).
The main aim of this paper is to present a precise recursive algorithm for computing a "nice" matrix representative for any isoclass of modules from exceptional tubes over a tubular canonical algebra of quiver type. The idea goes back to [10] . The algorithm relies in case of modules of positive rank on certain recursive constructions and known matrix representations of modules of rank 1 (dually for negative rank). In case of the rank 0 we construct all indecomposable representations directly and incorporate them to the main recursive procedure (for more information see also Section 3).
The presented algorithm together with the whole collection of ingredient routines is implemented as system of procedures in Maple 9.5 programming language and actually constitutes the main part of the package EXCEPTIONAL.
1 EXCEPTIONAL uses intensively another package, called TUBULAR, created some years ago by T. Hübner and the first author for dealing with sheaves over weighted projective lines (see [1] ).
Modules over tubular canonical algebras
2.1. Let k be a field. By a canonical algebra we mean a canonical algebra of quiver type over k in the sense of [11] . Such an algebra is given, up to isomorphism, as a quotient kQ p /I p,λ where Q p is a quiver and I p,λ is the ideal in the path algebra kQ p generated by all elements α (i)
2 α (1) 1 − λ i α (2) p 2 · · · α (2) 2 α (2) 1 , i = 3, . . . , t, where the λ i are pairwise distinct non-zero elements of k. Thus Λ depends on a sequence of natural numbers p = (p 1 , p 2 , . . . , p t ) and a sequence of parameters λ = (λ 3 , . . . , λ t ). Recall that Λ = Λ(p, λ) is of tubular type if and only if the sequence p is, up to permutation, one of the following (2, 2, 2, 2), (3, 3, 3) , (2, 4, 4) or (2, 3, 6) . (We will say then that p is of tubular type.) Without loss of generality one can assume that λ 3 = 1 and then, in case t = 3, we simply write Λ(p) assuming that p 1 p 2 p 3 . A tubular canonical algebra Λ of type p = (2, 2, 2, 2) depends on one parameter λ = λ 4 and dependently on the context we write Λ((2, 2, 2, 2)) or Λ((2, 2, 2, 2), λ).
Let mod Λ be the category of finite-dimensional right Λ-modules, where Λ = Λ(p, λ). We denote by Q 0 the set of vertices and by Q 1 the set of arrows of Q p . A finite-dimensional Λ-module M is described by finite-dimensional vector spaces M i for each vertex i of Q 0 and by linear maps M α : In this paper we consider mainly matrix representations of Λ, i.e. representations M for which M i = k n i for each i ∈ Q 0 and M α = A α · : k n j → k n i , where A i ∈ M n i ×n j (k) for α : i → j of Q 1 (we identify then M α with A α , so M is in fact a collection of matrices of suitable sizes).
Note that the full subcategory mod m (Λ), formed by all matrix representations of Λ, is a dense subcategory in mod(Λ).
We denote by Λ 0 (respectively Λ op 0 ) the hereditary algebra which is obtained from kQ by deleting the vertex c (respectively 0).
Let Λ be a canonical algebra of tubular type. The structure of the Auslander-Reiten quiver Γ Λ of mod(Λ), in particular the shape of its components, was computed in [11] and it looks as follows:
• P is a preprojective component which coincides with the preprojective component of mod(Λ 0 ),
consists of a so-called separating P 1 (k)-families of tubes, all but T (0) and T (∞) consisting only of stable ones (i.e. not containing a projective or injective module) of type p,
• Q is a preinjective component which coincides with the preinjective component of mod(Λ op 0 ).
∈ Q + all dimension vectors of the Λ-modules from tubes in the family T (γ ) have index γ (see [11] for the precise definition). Moreover, for each homogeneous tube they form the set N +hγ , whereh γ = respectively; we assume also that γ ∞ , γ 0 are coprime).
However, in this article we will use the different description of indecomposable Λ-modules lying in the tubes, which allows to introduce some nice system of coordinates precisely indexing all modules from T .
2.2.
In our considerations we strongly use the geometrical approach to canonical algebras and the module categories over them due to Geigle and Lenzing [3] . Their idea is based on associating to a canonical algebra a weighted projective line X = X(p, λ), for the sequences p = (p 1 , . . . , p t ) ∈ N t and λ = (λ 1 , . . . , λ t ) ∈ (P 1 (k)) t consisting of pairwise different points λ i , such that the category of coherent sheaves coh(X) is derived equivalent to the category mod(Λ), where Λ = Λ(p, λ) (one can always assume that λ 1 = ∞ and λ 2 = 0, moreover, λ 3 = 1, if t 3). Here coh(X) denotes the category of co- The category coh(X) is abelian hereditary and admits Serre duality. As a consequence coh(X) has almost split sequences, the Auslander-Reiten translation τ in coh(X) is given by shift with the dualizing element ω = (t − 2) c − t i=1 x i . As in classical situations we have notions of rank and degree functions for coherent sheaves. They give rise to Z-linear forms rk, deg : K 0 (X) → Z, where K 0 (X) is the Grothendieck group of the category coh(X). K 0 (X) is a free abelian group with the standard natural Z-basis "@O": [3] that each indecomposable element in coh(X) is a locally free sheaf, called a vector bundle, or a sheaf of finite length. Denote by vect(X) (respectively coh 0 (X)) the category of vector bundles (respectively finite length sheaves) on X and, for any q ∈Q := Q ∪ {∞}, by C q the full subcategories of coh(X) formed by all sheaves whose indecomposable summands F satisfy the equality
and for each x ∈ X the category of L(p)-graded finite length modules mod
L(p)
0 O X,x over the stalk O X,x is a uniserial category having p(x) simples. Moreover, all C q , for q ∈Q, are abelian categories, additionally uniserial (with a length function q called quasi-length), and enjoying the same tubular structure of the Auslander-Reiten quiver as coh 0 (X), if p is of tubular type. Consequently, in this case each indecomposable sheaf can be encoded by the so-called tubular coordinates, which describe precisely its position in the regular tube, referring to some indexing of tubes and selection of one quasi-simple object in each of them.
This indexing process can be done in a very canonical, coherent, but not completely trivial way. By [9] there exist two autoequivalences, called tubular mutations, R and S of the derived category D b coh(X) of coh(X), defined in language of mutations, and such that we have the following commu-
denotes the passage to the Grothendieck group and ρ, σ are the Z-linear automorphisms of K 0 (X) induced by R, S (ρ, σ preserve the Euler characteristic −,− : K 0 (X) 2 → Z and their matrices in the appropriate Z-basis can be easily computed, see [7, 1] ). Restricted to coh(X), R (in contrast to S) is no longer an autoequivalence. Nevertheless, their restrictions yield isomorphisms
for all 0 < q ∞ of categories. As a result, for each q ∈ Q there exists a canonical sequence of powers of R and S such that their composition, called telescoping functor, which is given by the formula
where q = [c 1 , . . . , c m ] is the continued fraction presentation of q ∈ Q + (resp. l ∈ N + is minimal such that q + l ∈ Q + , if q / ∈ Q + ), yields an isomorphism C ∞ ∼ = C q . Now, we transport via the functors Φ ∞,q , from coh 0 (X) to all C q , a tubular structure (T ∞ λ ) λ∈X together with a "natural coordinate system" described below. In this way we obtain compatible families (T q λ (X)) λ∈X , q ∈Q, of regular tubes with a distinguished quasi-simple object in each of them, which define the so-called canonical system of tubular coordinates, encoding all indecomposable objects in coh(X).
More precisely, for any ordinary point x ∈ X the cokernel
is a simple sheaf (concentrated at x). Moreover, within each exceptional tube of coh 0 (X), namely, in the exceptional tube of torsion sheaves concentrated in the point x i ∈ X and having p i simple sheaves (we say that it is the ith exceptional tube) we distinguish the cokernel
Setting S i, j := τ − j S i,0 , for j ∈ Z, we are able to encode each indecomposable torsion sheaf F in coh 0 (X) by the following set of data:
where the length (of F ) is a natural number and soc ∈ {S i, j : j ∈ Z p i } is a socle (of F ), for x = x i , both referring to the quasi-filtration of F within this tube. Now the telescoping functors allow an explicit encoding of all indecomposable sheaves within each tubular family C q by conveying it from the encoding established for C ∞ (see [1, 7] 
However, the basis "@S" can be also applied to determine efficiently for
Recall, that the procedure get_tub is contained in TUBULAR. Its construction is based on the observation that under the assumptions on d, 
and computing the presentation as above, one can easily recover the parameter i for d; moreover, using the shape of quasi-filtration for objects from exceptional tubes in C ∞ also the remaining two parameters s and l.
The procedures get_class and get_tub, play a crucial role in further considerations.
Let
is an equivalence of triangulated categories.
The equivalence above induces an isomorphism K 0 (X)
of the Grothendieck groups of the categories coh(X) and mod(Λ), respectively, which is given by the map
consisting of all simple Λ-modules E( x) corresponding to vertices in Q 0 . (Clearly, dim M is the coordinate vector for any [M] ∈ K 0 (Λ) with respect to "@E ".) Under the identification above we have
Moreover, the rank and degree functions for coherent sheaves give rise to linear forms rk, deg :
where p denotes the least common multiple of the numbers p 1 , . . . , p t (note that p = p t , if p is of tubular type). Similarly, we define for a non-zero indecomposable Λ-
as an element ofQ.
Let now coh + (X) (respectively coh − (X)) be the full subcategory of vect(X) formed by all vector bundles whose indecomposable summands G satisfy the condition Ext
. Further, we denote by mod + (Λ) (respectively mod 0 (Λ), mod − (Λ)) the full subcategories of mod(Λ) formed by all Λ-modules whose indecomposable summands have positive rank (respectively zero rank, negative rank). Finally, mod (Λ) denotes the additive closure of mod
The structure of the Auslander-Reiten quiver of mod(Λ) and the shape of the components, for a canonical algebra Λ of tubular type can be derived from the description of the Auslander-Reiten quiver of coh(X) by applying tilting theory [7, Theorem 5.7] . In particular, one can precisely reconstruct one-parameter families of tubes forming T from those for coh(X) (see 2.1). Namely, T consists of the components described as follows:
) λ∈X of stable tubes, being isomorphic to images of (T q λ (X)) λ∈X (in the second case in fact of (T q λ (X) [1] ) λ∈X in coh(X) [1] ), whose rank equals the weight of λ; )). Finally, the objects from (T ∞ λ ) λ∈X form the subcategory mod 0 (Λ). Observe also that we can also easily compare the description above to that from 2.1. Clearly,
As a result of the approach above, from now on we identify Λ-modules from T with the corresponding sheaves, regarding vertices of T 
We will also consider the sets 
Branches
The presented algorithm computing a matrix representation for modules from exceptional tubes has recursive character and it is given in a pseudocode form as the procedure createModule in 6.4.
Roughly speaking, its main idea relies on reduction of the computation of a matrix representation of a module E (lying in an exceptional tube and having the coordinates of the input) to the computation of two modules A and B, with the following properties: (c) Finally, to have the bottom for the recursion, matrix representations of exceptional modules of small rank (0 or 1) are constructed directly by the functions createRk0Mod, createRk1Mod and getKnownModule (Section 6).
Looking at that procedure in a more formal way we attach to a fixed (isoclass of a) module from an exceptional tube certain family of indecomposable modules, encoded in terms of tubular coordinates, which carries the structure of a finite binary tree. The structure of the constructed tree reflects in a natural way some basic categorical properties of this family regarded as a subcategory of mod(Λ).
In this section we introduce some notions describing more precisely the structure of considered trees and we discuss their properties, mainly in a quite general context. 
satisfying the following two conditions:
• b belongs to B, 
, have representatives N x ∈ N , and we know their precise forms, then we are able to construct representatives N x of isoclasses c x , for all x ∈ B 0 , in particular N b ∈ c b . Moreover, we have N x ∈ N , for all x ∈ B 0 .
We apply this method in the construction of the announced recursive algorithm, whose task is to find a "nice" matrix representative for an isoclass of indecomposable Λ-module from exceptional tubes in mod (Λ). We proceed as follows. To an isoclass as above, encoded by its tubular coordinates The rest of this section will be devoted to the construction of the successor (partial) function 
4.2.
The following simple fact is a first step in the construction of the function σ . 
Lemma. Let (s, l) ∈ Z n ×N be an object of the mesh k-category U = k(T (n)) of a stable tube of rank n regarded as a translation quiver of the form T (n)
, for all s ∈ Z n and l 2,
, for all s ∈ Z n and l 3.
Proof. By Serre duality we have Ext
for l ∈ N. Now the assertion in cases (i) and (ii) follows immediately from the lemma (in the case (ii) note that p i 2). However it is not sufficient, in contrast to that we prove, for establishing an efficient algorithm constructing such presentation for any exceptional module (see also Remark (iv)).
Theorem. Let Λ be a tubular canonical algebra and E a quasi-simple exceptional module in mod + (Λ) with μ(E) > p and rk(E)
2. Moreover, assume that in case Λ is of type (2, 3, 6) , the equality
and τ -order of E is 6. Then there are exceptional
Λ-modules A, B satisfying the following conditions:
• A is quasi-simple, follows from the properties of the telescoping functors defined in [7] . we infer from the formula ( * ) that
Now, ρ > 1 since E is exceptional, hence there is an index j ∈ {0, . . . , p − 1} such that
is an exceptional pair in coh(X). Set A = τ j 0 A , where j 0 is minimal among j as above.
We show that dim k Hom X (A, E) = 1. Using the fact that τ is an autoequivalence of coh(X)
we can rewrite ( * ) (1.1) in the form 
is an exceptional pair and we set A = τ j 0 A . Note that A belongs to mod + (Λ) and that rk( A) = 2 < 3 rk(E).
We have rk(E) = 2 and deg(E) = d with d = 2s + 1, s ∈ Z. From the equation ( * * ) and the equality
. In this case ( * ) yields
Consequently, in the τ -orbit of E there is exactly one quasi-simple sheaf Y 0 such that
From the assumption of the theorem it follows that E Y 0 . Then
, where j 0 is the unique index j ∈ {0, 2, 3, 4, 5} such that
Case (2) r = 1.
Applying the procedure as in 1.1, we choose A among the quasi-simple sheaves X with μ(A) = d − 1 and τ -order p. The obtained exceptional pair (A, E) satisfies the required conditions A ∈ ob(mod + (Λ)) and dim k Hom X (A, E) = 1. We have also rk 2, 2, 2), (3, 3, 3) or (2, 4, 4) .
In this case applying the procedure as in 1.2.1, we choose A among quasi-simple sheaves X , from tubes which do not contain O( c),
is again an exceptional pair with dim k Hom X (A, E) = 1, and rk(
Here we choose A as a quasi-simple sheaf with μ(A) = p and τ -order 6 such that A τ (O( c)) and dim k Hom X (A, E) = 1 as in the case (1.2.2). Then (A, E) is an exceptional pair and A belongs to mod
Resuming, for any E as in the assumptions, we have constructed an exceptional pair (A, E) in coh(X) satisfying the properties announced in the claim.
Let (A, E) be a pair as above and f : A → E be a non-zero map. Then f is either injective or surjective because it can be considered as a canonical map Hom X (A, E) ⊗ A → E (see [8] ). Since rk( A) < rk(E) we infer that f is injective. Set B = coker f . Then B is exceptional which follows from the general theory of mutations (see [13] ), or can be easily shown directly. Moreover, (B, A) is an exceptional pair. Further, we have μ(B) > p by the fact that μ(E) > p and by semistability of E, consequently B is in mod + (Λ).
To complete the proof observe that application of the functor Hom X (−, E) to the exact se-
Remark.
(i) In fact the assumptions of the theorem mean that E is an arbitrary quasi-simple exceptional (iv) [10, Corollary 1] (and also its proof) says that the same assertion as that of the theorem above, holds for all E in mod + (Λ) of rank greater than or equal to 2, which are quasi-simple objects in coh(X) satisfying the extra condition: Hom X (O( c), E) = 0. For the remaining E the problem of existence of an appropriate exact sequences in mod + (Λ) is not discussed in [10] , since all these modules admit "nice" matrix presentations by Ringel's result for hereditary algebras [12] .
4.4. Now we present the procedure leftAndRightTerm which is the precise algorithmic realization of the proof of Theorem 4.3.
The procedure leftAndRightTerm
Fix p such that Λ = Λ p is a tubular canonical algebra.
e such that q > p, rk(c) 2, and c = [
Output: (c (1) , c (2) ) = ([q (1) , i (1) , s (1) , l (1) ], [q (2) , i (2) , s (2) , l (2) ]) ∈ (D + e ) 2 , where (c (1) , c (2) 
) = (c(A), c(B))
for A and B as in theorem, constructed for E with c(E) = c. (2) , i (2) , s (2) , l (2) 
-get_class ([q (1) , i (1) , s (1) ,
return ([q (1) , i (1) , s (1) , l (1) ], [q (2) , i (2) , s (2) , l (2) 
The set Dom(σ + ) is defined as a union of three sets 3, 6) .
Note that by additivity of rk, C 1 consists in fact of all quasi-simple objects of rank 1. 
2 , for c ∈ Dom(σ + ), is given as follows: (1) , i (1) , s (1) , l (1) ], [q (2) , i (2) , s (2) , l (2) 
where ([q (1) , i (1) , s (1) , l (1) ], [q (2) , i (2) , i (2) , l (2) ]) is a return of leftAndRightTerm for c. Hom k (M, N) )) denote the k-space of all k-derivations (resp. inner derivations) from Λ to the Λ-Λ-bimodule Hom k (M, N) . In case Λ = kQ /I, where kQ is the path algebra of a quiver Q = (Q 0 , Q 1 ) and I is an admissible ideal in kQ , the modules M, N can be regarded as representations
). Then the isomorphism above has in fact the shape
with the same starting an terminal points, and Suppose we are given a base B
Denote by A the canonical row echelon form of A (see e.g. [4] ). Then we set
where j is a minimal positive integer such that the (c 0 + j)th column A c 0 + j of A contains a pivot.
(Note that such j ( c 1 ) exists, since Ext 
which induces the inverse of the function above. In consequence, we obtain the procedure createRk1Mod : C 1 → N + defined by the formula createRk1Mod(c) = G(get_class(c)), for c ∈ C 1 , which realizes our task.
For the remaining elements of Dom(σ + ) , i.e. the isoclasses from the set (C 2 \ C 1 ) ∪ C 3 , we list "nice" representatives in the table below. We use the notation established in [6] . For n, m ∈ N, we set X n+m, n =
In case m or n is equal zero, we always mean by ε m, n the trivial m × n-matrix. 4, 4) [4, 3, 3, 2] (X 2,1 , ε 1, 0 (Y 3,2 , Y 2,1 , ε 1,0 ), (Z 3,2 , I 2 , Y 2,1 , I 1 , ε 1,0 , ε 0,0 ) . • all matrices L α (iii) Note, that for c ∈ D + e , the module constructModule(c) belongs to N + .
